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Abstract-In recent years the study of frost formation has gained renewed emphasis. Crucial to the 
development of the frost formation model has been the derivation of the frost thermal conductivity, which is 
the subject ofthis paper. The thermal conductivity ofthefrost layer plays an important part in its structure and 
rate of formation. A number of published papers have addressed the problem of computing the frost thermal 
conductivity. In this paper, the various approaches used in these published papers are examined by analyzing 
the underlying assumptions of each treatment. Full understanding of these assumptions begins with a 
discussion of all possible heat transfer processes within the frost layer, to determine which processes are 
significant and which can be safely neglected. From this perspective, the different approaches taken in the 
published papers can be evaluated and the results can be compared with experimental data. Furthermore, the 
range of environmental conditions can be determined for which a particular approach is realistic and the 
limitations ofeach approach can then be deduced. It will be shown that none ofthe approaches are sufficient for 
a general frost model. As a result, a new, more comprehensive method of calculating the frost thermal 

conductivity based on both theory and experimental data has been developed. 

NOMENCLATURE mexp’ 

keff ai,lk ; 

frost porosity, (Pi -PpfY(Pi - P.1; 

proportion of the frost volume representing 
ice spheres and ice planes ; 
0.1726 (T/273.16); 
0.751; 
B, + 0.3 ; 
linear dimension of ice crystals ; 
effective specific heat of forced air flow in 
frost layer [J g- ’ “C- ‘1; 
ordinary diffusion coefficient fitted to data 

(ref. [9]), 1.198 x lo-’ T’.75 (P&P); 
air mass flow rate per unit area 
[g mm2 s-i]; 
thermal conductivity of frost 

CWm -i “c-‘I; 
average frost thermal conductivity 

CWm -l oc-‘l; 
thermal conductivity of air [W m- ’ “C- ‘1; 
effective thermal conductivity of the 
combined heat conductive proportions of 
air and ice [W m-l “C’]; 
thermal conductivity of ice [W m - ’ “CJ- ‘1; 

radiation thermal conductivity within the 
frost layer based on the Stefan-Boltzmann 
law and a geometric view factor 

[Wm -l oc-‘l; 
water vapor thermal conductivity 

CWm -l “c-‘I; 
L, or L,; 
latent heat of water evaporation [J g- ‘1; 
latent heat of ice sublimination [J g-l] ; 
water vapor mass Aux within the frost layer 
[g me2 s-l]; 

experimentally calculated value of the 
water mass flux into the frost surface from 
the surrounding air [g m- * s- ‘1; 
total water mass flux [g m-z s-l] ; 
ambient pressure [N m-*] ; 
water vapor pressure [N md2] ; 
pressure reference value, 610.7 N m-* ; 
constant heat flux at the wall [W m-"1 ; 
saturation ratio ; 

T 
T,, 
T 
Tw*‘, 

W,Y 
W W, 

4 

XS, 

water vapor gas constant, 
0.4615 Jg-’ K-‘; 

frost temperature [K] ; 
frost surface temperature [K]; 
wall temperature [K]; 
temperature reference value, 273 K ; 
free stream humidity; 
humidity at the wall temperature ; 
distance from the wall Cm] ; 
frost thickness Cm]. 

Greek symbols 

emissivity, 0.985 ; 
fractional volume of ice fragments, 

(Pr - PAllPi -Pa) ; 

frost density [g cm- 3] ; 
saturated water vapor density [g cmd3] ; 
Stefan-Boltzmann constant, 
0.56697 x 10d7 W mm2 0C4; 
tortuosity ; 
relative concentration of water vapor 
[mol H,O/mol air]. 

1. INTRODUCTION 

water flux driven by the temperature 
gradient at the frost surface [g mm2 s-l] ; 

INRECENT years the study of frost formation has gained 
renewed emphasis. In particular, nocturnal frost on 
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aircraft wings has been known to cause aerodynamic 
penalties of lift and drag upon take-off. Present Federal 
Aviation Agency (FAA) regulations require frost 
removal on transport planes prior to take-off. This is 

usually done with expensive petroleum solvent. 
Meanwhile, general aviation aircraft take-off at their 

own risk because ofless stringent FAA regulations. The 
accurate calculation of frost growth on the airfoil and 
the corresponding aerodynamic penalties required the 
development of a frost formation model much more 

complex than those available in the literature. 
Additional need for a sophisticated frost formation 

model relates to cryogenic technology. There is, for 
example, concern that frost will form on the external 
tank of the space shuttle. If enough frost forms on the 
tank, the probability exists that frost will shed during 
lift-off and damage the tiles on the space shuttle. An 

accurate frost formation model, instead of overly 
conservative assumptions about the frost layer on the 
tank, may allow one to maintain a round-the-clock 
launch schedule. 

Crucial to the development of the frost formation 

model has been the derivation of the frost thermal 
conductivity, which is the subject of this paper. The 
thermal conductivity of the frost layer plays an 
important part in its structure and rate of formation. A 
number of published papers have addressed the 
problem of computing the frost thermal conductivity. 

In this paper, the various approaches used in these 
published papers arc examined by analyzing the 
underlying assumptions of each treatment. Full 
understanding of these assumptions begins with a 
discussion of all possible heat transfer processes within 
the frost layer, to determine which processes are 
significant and which can be safely neglected. From this 
perspective, the different approaches taken in the 

published papers can be evaluated and the results can 
be compared with experimental data. Furthermore, the 
range of environmental conditions can be determined 
for which a particular approach is realistic and the 
limitations of each approach can then be deduced. It 
will be shown that none of the approaches are sufficient 
for a general frost model. As a result, a new. more 

comprehensive method of calculating the frost thermal 
conductivity based on both theory and experimental 

data has been developed. 

2. THE HEAT TRANSFER PROCESSES WITHIN THE FROST 
LAYER 

The various approaches to modeling of the frost 
temperature distribution and thus also the frost 
thermal conductivity can be derived from expressing 
the significant heat transfer processes within the frost 
layer by the energy equation 

Simplified from equation (37) in ref. Cl], the following 
two assumptions were made. The first assumption is 

that within the frost layer, the temperature and the 
pressure are in a quasi-steady state. The energy storage 
rate will be important for nocturnal frost formation 

cases but for thecold wall cases considered in this report 
it is not important in analyzing the frost thermal 
conductivity. White [I] has shown that (he 

temperature and the pressure in the frost layer arc at 
most slowly varying functions of time, partly due to the 
isothermal conditions of the wall and because the frost 
surface temperature is near the melting point. The 

energy storage rate is then small compared with the 
heat flux ; providing justification for the assumption ot 
quasi-steady state. The second assumption is that the 

heat conduction and the black body radiation as given 
by the first two terms of equation (1) are l-dim. (i.e. 
through the thin frost layer to the wall) for the purposes 
of comparing to experimental data on a Rat plate. The 
l-dim. internal heat generation rate produced by the 

phase change and the 1 -dim. enthalpy change produced 
by air ventilation flow through the frost structure are 

given by the terms on the RHS of equation i I I. 
An analysis ofthe above energy equation by order 01 

magnitude calculations is needed to determine the 
relative signiticance of each term Specifically. four 
factors, i,. h,. rit, and G,. will be tnvcstigated in the 
above equation. It will be demonstrated that the heat 
flux represented by the radiation I\: and the forced air 
enthalpy transport G, are negligible in comparison to 
the thermal conductivity of the air ice structure C, and 
the latent heat release of the water vapor 

Since the frost contains air and the crystals of ice. the 
conductivity of frost should be somewhere between the 
thermal conductivities of air and ice. The thermal 
conductivity of air is given by [2] 

k, = 2.646 x 10 ’ 12 1 i’l 

and that of ice by [3] 

k, = 630. 7‘. !3) 

Thus k, has been modeled in terms of the weighted 

functional relationship between the thermal con 
ductivities of air and ice based on the density and the 
structure of the frost. Biguria and Wenzel [4] have 
compiled several theoretical models to formulate L, 
based on various assumptions for the frost structure. 
The effective thermal conductivity models described by 
Biguria and Wenzel are based upon : 

(1) Resistance in series for mrnimum possrble 
conductivity (i.e. ice planes). 

(2) Resistances in parallel for maximum possible 
conductivity (i.e. ice cylinders). 

(3) Russel equation for porous media where the solid 
(ice) is in a continuous structure and there is a 
distribution of cubical pores arranged in a simple cubic 
lattice. 
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(4) Maxwell-Rayleigh equation for the case of fluid 
pores (air) distributed in a continuous solid (ice). 

(5) Maxwell-Rayleigh equation for the case of solid 
pores (ice) distributed in a continuous fluid (air). 

(6) The Brailsford-Major equation for the case 
when one phase of the constituents (say ice or air) is not 
spatially continuous. 
(7) The Woodside equation for a cubic lattice of 
uniform solid spherical particles (ice) in a gas (air). 

However, in the observations of frost formation, by 
Brian et al. [S], it was found that the initial frost 
dendrites are spherical in shape at about 5-10 pm in 
diameter. As smooth frost forms, the diameters increase 
to about 2c-50 pm and the ice dendrites begin to mesh 
together. Biguria and Wenzel observed that initial frost 
was rough, consisting of ice trees and air spaces. They 
assumed that parallel heat transfer could be dominant 
up to a frost density of about 0.02 g cmm3. Then from 
about 0.02 to 0.05 g cm- 3 the thermal conductivity was 
observed to decrease since parallel heat transfer was no 
longer present when the frost formed a close-knit mesh 
of dendrites. Then at densities greater than about 0.05 g 
cm-3 the dendrites for thermal conduction began to 
enclose air pockets. Thus a realistic frost model should 
somehow allow for changes in conductivity based upon 
the manner in which a frost structure changes with frost 
density. 

None of the theoretical thermal conductivity 
expressions listed by Biguria and Wenzel directly 
provide for such a changing and complicated frost 
structure. As a matter of caution, it is important to keep 
in mind that k, is the air-ice thermal conductivity. The 
frost thermal conductivity is an expression that will 
later be derived to include other heat flux terms in 
equation (1). 

2.2. Argument for negligibility of radiation effective 
conductivity, k, 

The radiation effective conductivity can be shown to 
be negligible for the size of the ice crystals and the 
temperatures in the frost layer described earlier by the 
following argument. The radiation effective conduc- 
tivity as given by Laubitz [6] is, 

k, = 4aT3e(b/0) (1 - W3 + @I~‘~). (4) 

An upper limiting value for k, can be found by setting 
T = 273.16 K, b = 50 lrn, and pr = 0.02 g cr~-~ for 
when the ice dendrites begin to mesh together. The 
result is k, < 0.0104 W m-l “C-l. However, from 
equations (2) and (3) at the same temperature 
the thermal conductivities of ice and air are 

ki = 2.31 W m-l “C-l 
and k B = 0.0242 W m-l ‘C-l, 

both of which are greater than k, maximum. Using 
typical values of pr = 0.13 g crnm3 and T = 266 K [7], 
gives 

k, = 1.43 x 10-3Wm~1”C-1,ki = 2.37Wm-‘“C-l 

and k, = 0.0236 W m-l “C-l. This indicates that a 
typical radiation effective conductivity will be an order 
of magnitude less than the thermal conductivity of air. 
In addition, a typical experimental data offrost thermal 
conductivity appears to show a noise level around lo- 3 
W m- 1 “C-l or more. Therefore, the radiation effective 
conductivity is considered negligible. This was also 
concluded by White using a different theoretical 
approach and frost experimental data. 

2.3. Argument for signijicance of latent heat release- 
water vapor ejjective conductivity, k, 

The concept of the water vapor effective conductivity 
is obtained by assuming the energy term, 

in equation (1) obeys the diffusion equation and meets 
the condition of water vapor saturation in the frost 
layer. 

The water vapor mass flux is given by the following 
diffusion equation for the frost by Jones and Parker 

I31 : 

(5) 

where D = 1.198 x 10-5T’.75 (P,,,,,,/P) is the ordinary 
diffusion coefficient fitted to the data ref. [9]. 

The porosity accounts for the decreased effective 
cross sectional area for diffusion and the tortuosity, 
generally taken as 1.1 for frost, accounts for the 
increased path length the molecules must travel. 

The assumption (whose verification is apparent later 
in Figs. 1 and 2) that the water vapor at the frost surface 
is saturated implies that the water vapor mass flux can 
be made to follow the temperature gradient through the 
gas law 

P, = p&T, 

and the Clapyron equation, 

(6) 

P,=P:exp[+-$1. 

An expression for 

dp, 
dx 

is derived by differentiating the gas law with respect to x 
and the Clapyron equation with respect to tempera- 
ture. They are substituted into equation (5) to give 

tid=&(j&)($.-l)$ (8) 

Since equation (8) directly relates the water vapor 
mass flux to the temperature gradient, a thermal 
conductivity due to the water vapor latent heat flux can 



be defined by 

If supersaturation within the host layer exists, then the 
Clapyron equation is no longer valid and a new 
equation for P, would have to be dcrivcd. Fortunately, 
it was found this is not necessary. as the following 
derivation from the published experimental data will 

show. 
The situation of supersaturation can be exammed 

by comparing the total mass flux, tilt, consisting of 
water vapor, water droplet and ice particles with the 
water vapor mass flux, riz,. Ifonc observes that riz, z yi2, 
for all values of Y. then no nucleated drops have 
formed ; this means a supersaturated state is unlikely. If 
one observes that tit, > yi2, for some values oE z. then 
nucleation or movement or ice particles has occurred 

and thus supersaturation might be possible. Note 
that homogenous nucleation and nucleation on 
nucleating sites in the frost layer cannot be experimen- 
tally distinguished. Thus. we cannot state definitely 
rf supersaturation has occurred. If fir,, = tit at the frost 
curface, z,. then we have a good method for predicting 
the mean frost density growth rate. 

If experimental values of the l’rost density and 

temperature distribution are known, then the 
parameters ofequation (8) can be derived and the water 
vapor mass Hux can be calculated as a function of the .x 
variable. Observations by several authors [4, 5. 10. I 1, 
121 indicate that the frost density is nearly spatially 
invariant in the .v direction. This implies that the total 
water mass tlux, ril,, is given by 

dY Y x, 

where n&p is the experimentally calculated value of the 
water mass flux into the frost surface from the 
surrounding air and z, is the frost thickness. 

Figure 1 shows a plot of%,, andrir, calculated from an 

FIG. 1. Water mass flux vs distance in frost layer. (Data of 
ref. [S].) 

FIG. 2. Waler mass flux vs distance tn frost layer. (Data of 
ref. 171.) 

experimental data set of Brian (‘I LII. [5] where the 
dependent relationship of D and P, in equation (8) is for 
the temperature variations from 80 to about 265 K. In 
comparison to the yiz, curve. it is probable that some 
supersaturation has occurred, given the magnitude of 

the difference between tit, and &, although a large 
contribution can be from the thermal diffusion of ice 
particles. At distance _Y, from the wall we note that & is 
equal to viz,. A data set with a more typical temperature 
range can be obtained from Yamakawa t’r ul. [ 111. Here 
the range of temperature, in one specific case, is from 
25 1 to 269.7 K. Although the experimental temperature 
distribution within the frost is not available, indications 
are that for this small temperature range. the 
temperature profile can be roughly approximated as a 
linear function of x. Thus, the temperature gradient for 
equation (X) is given by 

dT -l-7; 
-= 667X K tn ’ 

d\- Y, 

as obtained horn experimental data in Yamakawa ~1 
~1. : where x, = 0.0028 m. At this frost thickness the frost 
density is 0.1 1 IO g cm ’ and the ambient absolute 
humidity is 0.0049 as obtained from the data. 
Substituting these values into equation (8) gives the rig,, 
curve shown in Fig. 2. For the top half of the host layer, 
the $1, curve agrees closely with the rir, curve calculated 
from experimental data, while the lower half of the frost 
layer, rt& is greater than rtr,. These observations mean 
that at least down to a wall temperature of 25 1 K we can 
confidently say the frost layer is in a saturated state. In 
addition, at the distance s,, we find that ti, = n?,. The 
conclusion is that the water vapor thermal conductivity 
expression, equation (9), is at least valid for most. and 
should be valid for all, frost formation situations and a 
method Tar calculating the water mass Pmx entering the 
frost surface has been obtained. 

Now k, can be compared directly with k, and k, [or an 
order of magnitude analysis. From ref. [7]. with the 
same data used in evaluating the radiation effective 
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conductivity, we obtain at the frost surface, using 

equation (9), k, = 0.0111 W m-r “C-l. 
Since k, = 0.0236 W m-l “C-l, the water vapor 

thermal conductivity cannot be ignored at very low 
frost density. At higher frost density, k, actually 
decreases and becomes minimal due to the porosity 
term in equation (9). At close to ice density the term 
ki = 2.37 W m- ’ “C-’ indicates the dominating 

influence of k,. So far, the order of magnitude calcu- 
lations show that particular attention must be devoted 
to developing the air-ice thermal conductivity which 

would include a complicated frost structure modeling 
and perhaps also the water vapor thermal con- 
ductivity at low frost density. 

2.4. Argument for negligibility of ventilation enthalpy 
aT 

rate term, G,C,% 

The effective air mass flux, G,, is quite difficult to 
determine because it is strongly dependent on the frost 
structure. Since the wall is impermeable (i.e. no suction 
or blowing underneath the frost layer) the only forced 
air sources areconvective turbulent eddies and the total 

water mass flux. For frost density less than 0.02 g cm- 3, 
Biguria and Wenzel considered the convective 
turbulent eddies to dominate the heat transfer in the 
frost layer and then diminish as the frost density 

approaches 0.048 g cm-3 due to the close-knit mesh of 
dendrites. Biguria and Wenzel used a radiometer to 
measure the frost surface temperature in deriving the 
frost thermal conductivity. However, for an optically 
thin frost layer the frost surface temperature will be read 
much too low, using a radiometer, thus resulting in a 
thermal conductivity too high. Thus the correlations by 
Biguria and Wenzel for the eddy contribution to the 
mean frost thermal conductivity are largely fictitious. 
Furthermore, from theoretical considerations the eddy 
contribution to the mean frost thermal conductivity 
should be negligibly small. This eddy contribution was 
related to the free-stream velocity by Biguria and 
Wenzel when it should instead be a function of the 
nondimensional variable X+ = XUJV. More specifi- 
cally, in the turbulent sublayer the eddy conductivity or 
the eddy diffusity is proportional to (x’)~ and in the 
turbulent core it is proportional to x + for either smooth 
or rough wall. Thus, the contribution of convective 
turbulent eddies is small near the wall. Besides that, the 
model of the total water flux h,, at the frost surface, as 
discussed in the previous section, is directly related to 
the diffusion flux, which requires the air in the frost layer 
to be stagnant. Therefore, in the modeling of frost 
growth the initial frost density will be high enough so 
that there are no eddies in the frost layer. In summary, 
since turbulent eddies are considered negligible, the 
only mass flux within the frost layer is the total water 
flux, &, which is set equal to G,. The specific heat of ice 
C,, is also set to C, as a conservative estimate. 

Using the same data of Brian et al. which was used to 
evaluate k, and k,, an upper estimate is made of the 

forced-air enthalpy rate term in equation (1) for 

comparison with the latent heat term. Since +rds = ti, 

and the measured temperature gradient is a maximum 
at the surface, the upper estimate is calculated as 

This can be compared to a lower estimate of the latent 
heat contribution calculated at the frost surface by 

= L,m” 1: L,% = 29 100 W me3. 
XS X* 

A comparable result is also obtained for calculations 

within the frost layer. Therefore, the heat transfer rate 
by the effective forced-air enthalpy term is much lower 
than the latent heat release within the frost layer. In a 
different approach and experiment, White has also 
found the effective forced-air enthalpy term to be 
negligible. Another consideration is the snow 
ventilation correlation by Yen [13] for a mass flux of 
ti,% = O.O6gm-‘s-’ as was used in the above equation. 

The thermal conductivity contribution ofthis mass flux 
turns out to be 0.0015 W m-r “C ‘. Again, this is quite 
small compared to k, = 0.0236 W m- ’ “C ’ and 
ki = 2.37 W m- ’ “C ’ used in comparison for k, 
and k,. 

Since the experimental data are not accurate to three 

or four significant digits as would be required both by 
the effective forced-air enthalpy rate and the radiation 
heat rate, the terms for the conductive heat rate and the 
latent heat release rate are the only terms retained in 
equation (1). The result is 

& k,: = 4% = -& k,: 
1 1 [ 1 (12) 

Integration of the above equation gives 

K& (13) 

with 

K = k,sk, 

where qO is a constant heat flux at the wall and K is the 
thermal conductivity of frost. With the simplified 
equations above, other approaches obtained from the 
literature for calculating the frost thermal conductivity 
can be evaluated. 

3. PUBLISHED APPROACHES FOR CALCULATING K 

If the heat flux and the temperature gradient are 
measured as was done in the frost experiments of Brian 
ef al. [7] and Shah [lo], a frost thermal conductivity 
can be calculated easily from the above equations. It is 
important that the experimental heat flux should be 
measured at the wall, as previously [7, lo], rather than 
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at the frost surface. The reason is that, due to the latent 
heat contribution, the heat flux becomes lower at the 
frost surface than at the wall. 

An empirical expression for the thermal conductivity 
of frost, based on the experimental data of Brian et ul. 

[7] and Shah and Brazinsky [14], was developed by 
Brianet ~11. [5].Theexpressionfor thermalconductivity 
is a linear function offrost density and a power function 

of temperature. If Brian et a/.‘~ empirical frost thermal 
conductivities as a function of temperature [S] are 
calculated for high frost densities then they do not 
approach the thermal conductivity of ice ki as should be 

required. Similarly, if the same is done on the basis ofair 
density, the resulting curves show some disagreement 
with the actual thermal conductivity of air. k,. 
Furthermore, the validity of this approach is 
experimentally restricted to frost densities less than 
0.13 g crn~.“. low wall temperatures and ambient 
humidities, as indicated in Table 1. 

In another approach, White [l] formulated the 
effective thermal conductivity k, as a linear function of 
frost density and temperature. Also, he provided an 
estimation for water vapor thermal conductivity k,. 

Then White combined the terms k, and k, and arrived at 
an expression for K that fits the Shah data. This 
approach, although more theoretical, is subject to the 
same limitation as the previous approach. 

Since the water vapor diffusion occurs only in the air 
portion ofthe frost, Biguriaand Wenzel[4] suggest that 
if the effective air thermal conductivity instead of the 
true air thermal conductivity is used, one can expect 
better results. The effective air thermal conductivity can 

be obtained from the relation 

_ k,+:$ (14) 

where P, is the ambient pressure, which is based on 
equation (21) of Biguria and Wenzel [4] and equation 

(9). It may be noted that for obtaining the air effective 
conductivity, the tortuosity and the porosity expres- 
sions in the vapor effective conductivity are neglected 
since they are not applicable to the air portion of the 
frost. According to Biguria and Wenzel, one can obtain 
a better expression for k, by using kcffai, instead of k, in 

the theoretical models used in their work. For frost 
densities greater than 0.05 g cm- 3, Biguria and Wenzel 
claimed that a good fit to their experimental data was 

obtained by using this approach. The experimental 
thermal conductivity offrost was obtained, however, by 
measuring the heat flux at the wall, the thickness of the 
frost and the wall and frost surface temperatures. In 

order to apply the theoretical thermal conductivity 
equations to the data, Biguria and Wenzel implicitly 

assumed the frost layer has uniform temperature. 
structural and density distributions. These assump- 
tions require a high wall temperature at approximately 
250K,thefrostto beformedinaspecifiedstructure,and 
the ambient absolute humidity to be in a specified range 
near saturation. In contrast, the data of Brian et al. [5] 
and Shah [lo] typically have the wall temperature at 80 
K, with more spherical ice formations than ice trees and 
an ambient absolute humidity at a fraction of the 
saturation level. Thus it is expected the approach by 
Biguria and Wenzel will not fit satisfactorily to the data 
of Brian et ul. [5] and Shah [lo]. This actually turned 
out to be the case. The basic disadvantage of the Biguria 
and Wenzel approach is the requirement of a uniform 
temperature and uniform structural distribution of the 

frost. 
Assuming that the frost density is spatially invariant 

so that the amount of water vapor forming frost is the 

same at all locations in the frost layer allows the 
calculation of the change in the vapor mass flux with 

distance as 

dti, tid _=_1 
dx Y, 

(15) 

where ti,% is the water tlux driven by the temperature 
gradient at the frost surface. Jones and Parker [S] have 

Table 1. Summary of approaches to calculating frost thermal conductivity 

Approach 

Range of Modeling 
application technique 

Modeling of the 
frost structure 

_ ~~~ __.._ 

Brian et al. [5] 
White [l] 

Biguria and Wenzel [4] 

Jones and Parker [S] 

Putman and Zuckerman [I 51 

Present approach 

0.05 < pr < 0.13 gem 3 
0.05 < pr < 0.13 g crnm3 

0.05 g cm- 3 < pr < pi,, 

0.05 < pr < 0.13 gem-’ 

0.1 < I’, < 0.48 

P, < Pr < Pice 
80 K < T, < 273 K 

Empirical 
Semi-empirical 

Theoretical 

Semi-empirical 

Mostly theoretical 
Partly empirical 
Mostly theoretical 
Partly empirical 

None 
Vapor diffusion in frost 
layer is postulated 
Simple frost structures 
and vapor diffusion is 
postulated 
Vapor diffusion in frost 
layer is postulated 
Ice spheres connected by 
cylinder ice columns 
Complicated frost structure 
is postulated for vapor 
diffusion, geometrical 
shapes of ice dendrites, 
and for frost aging 
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used this relationship to model the heat transfer 
mechanism in the Frost layer. This also allows deriving a 
model for the frost thermal conductivity. Substituting 
the above expression into equation (12) and integrating, 
we get 

k,E = - L,ril, x 
-“-*- f 40. 

X8 

It may be noted that k, does not contain the 
expression for keElair. Because Jones and Parker used 
the Brian et at’s [5] empirical frost thermal 
conductivity, this approach is limited to frost density 
less than 0.13 g cmm3. If a linear vapor mass flux with 
distance which releases the latent heat is assumed, then, 
because of what has been shown in Figs. 2 and 3, a 
supersaturated state would have to exist in Brian et al’s 
data [S] and a subsaturated state would have to exist in 
Yamakawa’s data within the frost layer. This dual state 
is physically unlikely. 

In the last approach examined, Pitman and 
Zuckerman [15] claimed to have measured and 
correlated the effective thermal conductivity of snow at 
185,246, and 268 K. Their “snow” was, “composed of 
vapor-grown ice crystals . . . on the waits of a freezer 
supplemented by dry ice. A bath of distilled water at a 
controlled temperature was used as the vapor source.” 
This statement proves that they were forming frost 
rather than snow. “The conductivity is measured by a 
guarded cut-bar apparatus with Plexiglas as the bar 
material.” (ref. [ 151, p. 2698) This apparatus allows one 
to keep a fairly constant temperature in the uniform 
frost layer. Thus the effective thermal conductivity was 
measured as a function of the frost density and 
temperature over the range of frost density from 0.1 to 
0.6 g cm- ’ and of frost temperature from 185 up to 268 
K. For correlating with the data they modified the 
Woodside thermal conductivity equation [4] for a 
cubic lattice of uniform solid spherical particles in a gas 
to include the connecting ice cylinder columns with the 
radius of the ice cylinder as an empirical parameter. The 
theoretical limit of this model is the maximum frost 
density at 0.48 g cmm3. As a last comment, they did not 
include a vapor thermal conductivity, k,, into their 
expression for K in equation (13). 

When some previously described experimental data 
could not be fitted to the theoretical approach 
suggested by Biguria and Wenzel, an attempt was made 
to see if the experimental values of frost thermal 
conductivity given by Brian et al. could lie between the 
curves represented respectively by the thermal 
conductivity equations for either spherical air pores or 
spherical ice particles. The encouraging results in Fig. 3 
showed that the frost thermal conductivity is a linear 
function of porosity or frost density for porosities 
greater than 0.85. This gave a motivation to propose a 
new model, based on Biguria and Wenzel’s theoretical 
approach, but which includes frost structure para- 
meters which could be empirically derived to fit Brian et 
d’s data, Pitman and Zuckerman’s [15] data, as well 
as other data. 

Porosity 

FIG. 3. Thermal conductivity vs frost porosity at 211 K. 

4. THE PRESENT APPROACH FOR C~CULAT~G K 

The proposed model makes the following assump- 
tions about the frost structure, as shown in Fig. 4. At 
low frost density or at high porosity, two types of frost 
structure predominate. One is the ice cylinders created 
by the diffusion of water onto the ice, which result in a 
parallel conductive heat transfer. The other portion is 
the ice spheres created by nucleation of water vapor or 

FIG. 4(a). Frost structure model of the present work. Random 
mixture of ice cylinders and ice spheres at high porosities or 

low frost densities. 
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FIG. 4(b). Frost structure model of the present work. Random 
mixture of ice planes and air bubbles at low porosities or high 

frost densities. 
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water droplets, resulting in a much lower conductive 
heat transfer. The total structure of the frost is then the 
random mixture of ice cylinders and ice spheres [Fig. 
4(a)]. At high frost density or low porosities, completely 

different dual structures begin to take shape. In contrast 
to the low density case, spherical air voids are formed in 

place of ice cylinders [Figure 4(b)]. This results in 
enhanced thermal conduction. Also, in place of the ice 
spheres, stratified layers are formed. The total frost 
structure is then a random mixture of air bubbles and 
ice layers. 

With such a model of the frost structure, the 
equations for air-ice thermal conductivity are 
combined as follows. First the thermal conductivity of 
air bubbles and ice cylinders are close to each other at 
all porosities. Similarly, the thermal conductivities of 
ice planes and ice spheres, though considerably less 
than of ice cylinders and ice bubbles, are close together 
at all porosities. Thus, an upper limit conductivity 
expression was derived for the air bubbles and ice 

cylinder structures that at its low porosity limiting 
value (B = 0) takes on the thermal conductivity of air 
bubbles and at its high porosity limiting value takes on 
the thermal conductivity of ice cylinders. Similarly a 
lower limit expression combining the thermal 
conductivities of ice spheres and ice planes with 
appropriate limiting values has been derived. Finally, 
an expression for frost thermal conductivity at all 
porosities is derived by combining the upper and lower 
limit expressions. The upper limit conductivity 
expression for air bubbles and ice cylinders is 

k, = (I - B)k, + Bk, (upper limit) (17) 

where the thermal conductivity of air bubbles is given 

by 

a=k effaiciki 141 

and ice cylinders by 

k, = (1 - B)k, + Bkeffai, [4]. (19) 

Likewise, the lower limit of thermal conductivity is 
formed by an interpolation between thermal con- 

ductivities for ice spheres and ice planes, 

k, = (1 - B)k, + Bk, (lower limit) (20) 

where the thermal conductivity ofice spheres is given by 

k, = kiC3+2R(u-l)li13-R(O~~ [4] (21) 

and ice planes by 

To combine the contribution of the structures that 
represent the upper and the lower limits of the thermal 
conductivity to the frost thermal conductivity, the 
random mixture model of Brialsford and Major from 

Biguria and Wenzel [4] is utilized. This gives the 
thermal conductivity of frost as 

K = 1/4((3B,- l)k,+(30,- l)k, 

+ ;[(38,- l)k,+(30,- I)k,]‘+8k,k,}“2) (23) 

where B, is the proportion of the frost volume 

representing ice spheres and ice planes. It is defined by a 
polynomial function of the porosity A as 

B, = i u,B’. (24) 
I~ 0 

The ai’s can be evaluated as constants or as functions 
of temperature. The other portion of the frost volume 

representing ice cylinders and air bubbles is given by 

0, = 1 -B,. (25) 

4.1. Comparison of’ locul frost thermul conductivity to 

data 

It is plausible to assume the frost takes on a complete 
air bubble structure when the frost porosity approaches 
zero or the frost density approaches that of ice. This 
assumption when translated to the boundary condition 
for equation (24) gave B, = 0 for B = 0, and thereby u0 
was found to be zero. To make any further progress 
with the coefficients ai the experimental data of Brian et 

ul. [S] as shown in Fig. 5 and of Pitman and Zuckerman 
[ 151 as shown in Fig. 6 was utilized. Since the data of 
Pitman and Zuckerman show the frost density range of 
O.lG0.6gcm -3,it wasfittedfirst for thevariousvaluesof 
n. The best fits occurred for n = 2 and 4. Higher values 
of n were not attempted because the coefficients ui are 
functions of temperature. The curve fittings to Brian et 

al. data [S] for n = 2 and 4 worked well also. But when 
the coefficients ai were compared between the two data 
sets it was found the coefficients ai provided the most 

T=267K 

T= 255 K 

. 
-L-C--‘*. l 

. -* T=l36K 
. 

FIG. 5. Comparison of the present frost thermal conductivity 
model with the experimental data of Brian et al. [ST] as a 

function of frost density and temperature. 
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FIG. 6. Comparison of the present frost thermal conductivity 
model with the experimental data of Pitman and Zuckerman 

[lS] as a function of frost density and temperature. 

consistency for n = 4. The difficult problem of finding 
the temperature dependent behavior of the coefficients 
a, was simplified by rearranging the polynomial 
equation for B, to represent the local extremes of the 
fourth degree polynomial. The fit to Pitman and 
Zuckerman data [15] in Fig. 6 finally resulted in the 
equation 

B, = 13.6(&-B,)(B-8J2 

B-B, 

Bz-BI 

(B-4)’ 
+ W,--B,)(B,-B,) 1 

for B > B, 

where 

B, = 0 for B < B, 

B, = 0.1726(7’/273.16), 

B, = 0.751, 

B, = B,+0.3. 

(26) 

(27) 

Thus the effective coefficient, B,, was the only 
coefficient that was a simple function of the frost layer 
temperature, T. The value of B, can be interpreted as 
the frost porosity below which the frost layer can simply 

be described as air bubbles. The above formulation, was 

modified slightly to fit Brian et ~1,‘s data [S] as shown in 

Fig. 5 by redefining B, as 

B, = B, + 0.3 sin (28) 
This can be interpreted as the effect the water vapor flux 

has on altering the structure of the frost. Referring to 
Fig. 1, we see that most of the vapor flux is in the upper 
half of the frost layer, thus predisposing the frost 
structure toward ice cylinders. In the lower half of the 
frost layer where the vapor flux is minimal more 
spherical nucleated particles are expected. As a result, 
B, goes to B, + 0.3 in the limit as T approaches the wall 

temperature, Tw The function B, as formulated up to 
this point provides a good description of frost aging as 
the frost density increases. 

4.2. Comparison ofaveragefrost thermal conductivity to 
data 

In order to compare the frost thermal conductivity, 
as predicted from the proposed model, to other 
experimental data, which lacked sufficient measure- 
ment detail, an average frost thermal conductivity is 
needed. The average frost thermal conductivity, 
denoted by I?, is defined by Brian et al. and here as, 

R= 
s 

7-s 
K dT/(T,- T,). (29) 

TW 

To calculate such an average frost thermal 
conductivity, a frost formation model must also be used 
concurrently to calculate the frost surface temperature 

T,, the frost density, and the frost thickness as a function 
of time. The present frost formation model is an 
outgrowth of that described in ref. [ 161. The only data 
found on the average frost thermal conductivity in 
which the frost formation model could be used 

concurrently were that ofBrian et al. [S], Yamakawa et 
al. [ll],Nakamura [12],andYonkoandSepsy [17] as 
shown in Fig. 7. 

The calculation of average frost thermal conduc- 

tivity by equation (29) with the concurrent frost 
formation model has resulted in the curve a, which fits 
Brian et al.‘s [S] data very well below 0.13 g cm- 3. The 
frost formation model was then used to continue the 
computation of the frost growth above frost density of 
0.13 g cm-3 until the ice density was reached, This 
resulted in the curve a in Fig. 7 plotted up to a frost 

density of 0.6 g cme3. One will note the similarity 

between curve a in Fig. 7 with the 185 K curve in Fig. 6, 
indicating that curve a is reasonable. If one also 
compares curve a in Fig. 7 to Brian et al. [S] data in Fig. 
5 one sees that the low temperature region of the frost 
layer dominates the average frost thermal conductivity. 
With this confidence in the average frost thermal 
conductivity the data by Yamakawa et al. and 
Nakamura, and Yonko and Sepsy were then examined. 

If one looks closely at the experimental techniques 
and analytical procedures of Yamakawa et al. for 
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Frost density, 9 cm-’ 

FIG. 7. Comparison of the present average frost thermal conductivity model with various experimental data 
andcorrelationsasafunctionoffrostdensity. O,Brianetal.[5];O,Coles[18];&YonkoandSepsy [16]; A, 
Yamakawa et al. [ 1 I] ; 0, Nakamura [ 121; A, Feniger [ 193 ; a, model curve to 0 data ; b, model curve to n 
data; c, model curve to 0 and a data; d, Lotz [21] ; e, Kamei [22] ; f, Devaux 1231; g, Kondrat’eva 1241. 

obtaining the data shown by open triangles in Fig. 7, 
one concludes the scatter was caused mostly by 
inaccurate frost densities, especially at low values. This 
is due to their method of scraping and weighing the frost 
at a given time, rather than the more accurate method of 
using the tare weight of the cooled plate as was done by 
Nakamura. But on the other hand, if one looks closely 
[12] at experimental techniques and analytical 
procedures for obtaining the data shown by open 
squares in Fig. 7, one concludes the scatter was caused 
mostly by inaccuracies in the frost thermal conduc- 
tivity. This is due to their method of obtaining heat flux 
through the frost layer by combining sensible, latent, 
and radiant heat flux at the frost surface rather than 
measuring the heat flux underneath the frost layer as 
was done by Yamakawa et al. Yonko and Sepsy did 
measure heat flux underneath the frost layer and used 
the tare weight method of obtaining the frost density. 
But their method of measuring the frost surface 
temperature by turning off the air blower and lowering 

a thermocouple to the frost surface would give an 
average frost thermal conductivity biased too high as 
shown by the closed squares on Fig. 7. Especially at the 
lower frost density, the frost layer is more easily 
disturbed and subjected to transient conditions. Thus. 
the Yonko and Sepsy data can be used beyond the frost 
density limits at 0.4 g cm 3 of Yamakawa et al.‘s data. 

In turn the Yamakawa et al. data can be used beyond 
the frost density limits at about 0.2 g crne3 of 
Nakamura’s data. 

As was demonstrated by curve a in Fig. 7, the 
formulation for B, covers the full range of frost density. 
But if the structure parameter B, given by equation (26) 
is used in calculating R concurrently with a frost 
formation model, the curves predicted for R become 
too high as compared to data of Yamakawa et (~1. and 
Nakamura. This implies that B, given by equation (26) 
is too low for these data. 

A problem that has not yet been addressed is how the 
saturation ratio, R = w,/w,, where w, is the free stream 
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humidity and w, the humidity at the wall temperature, 
affects the structure ofthe initial frost layer. Biguria and 

Wenzel in their study of very low frost density observed 

that the frost grew according to a critical cluster 
mechanism. We propose this mechanism is the result of 
the dynamics of nucleated water droplets. According to 
Rosner and Epstein [18] when the saturation ratio, R, 

gets high enough a boundary layer fogging appears. 
Then when R is very large the number density of fog 
particles will reach the number density of nucleation 
sites as a limit. If there are nucleation sites on the plate 
itself, nucleated drops will form there even for low 
values of the saturation ratio, R. Thus when R is low 

enough the initial frost layer will consist mostly of 
somewhat spherical frozen droplets. But when R is high 

enough for the boundary layer fogging to also appear, 
the probability of droplet coalescence on a partially 
frozen droplet on the wall increases. This results in a 
distortion of the initial frost element shapes from the 
spherical. The data of both Brian et al. and Pitman and 

Zuckerman are for very high values of R, thus making 
the correlation of I?, with R for these two data sets 
impossible. But we note that for a very high value of R 

the number density of fog particles reaches a limit, 
which translates into a maximum possible distortion of 
the initial frost element shapes from a spherical shape. 
Since the function B, represented by equation (26) 
represents that limit, B, can be postulated as a simple 
inverse relationship to R. After trying various 
functional forms for the correction to B, due to R, the fit 
to Nakamura’s data in the 0.05-0.23 g cm- 3 region, to 
Yamakawa ef al.‘s data in the 0.2UI.4 g cm- 3 region, and 
to Yonko and Sepsy’s data in the 0.40.6 g cme3 region 
resulted in the correction equation to B, as, 

0.5264 
R,=l+F_: 

so that as R approaches one, B, is corrected by the 
maximum amount of 1.5264. When R is less than one, 
no nucleated water droplets exist either in the air or on 
the wall, and thus there is no frost formation. R, has 
been validated only for R as low as 2. With the 
correction to B, given by R,, the curve b in Fig. 7 
corresponds to the open triangle data. The curve c in 
Fig. 7 corresponds to both the open squares at frost 
density less than 0.23 g cm-3 and the closed squares at 
frost density greater than 0.4 g cmm3. The closed circle 
data of Coles [19] and the closed triangle data of 
Feniger [20] provide further comparisons at high frost 
density. But for these two data sets the average 
temperature of the frost layer and their experimental 

techniques are not known to us. Cole’s data has a lot of 
scatter, but they lie within the limits of Yonko and 
Sepsy’s data. 

To further establish the validity of curves b and c in 
Fig. 7, comparisons are made with published 
correlations of average frost thermal conductivity 
versus frost density at average frost temperature close 
to freezing. The correlation of Lotz [2 1 J is the curved in 
Fig. 7. Lotz’s own data validated his correlation for a 

frost density up to 0.4 g cmm3. He extrapolated the 
correlated curve beyond 0.4 g cm ’ simply to compare 

with Feniger’s data [20]. Another correlation cited 
quite often in the literature is that of Kamei [22] as 
shown by the curve e in Fig. 7. Even Kamei’s correlation 
shows that Yonko and Sepsy’s data is biased too high. 
The curve c seems to straddle around Kamei’s 
correlation represented by curve e, up to a frost density 
of 0.5 g cme3. But curve c remains above Lotz’s 
correlation represented by curve d. Finally, Devaux’s 
[23] and Kondrateva’s [24] correlation for snow are 
shown bycurvesfandgrespectivelyin Fig. 7. Yen’s [13] 
correlation for no ventilation in snow lies in between 
curves f and g. We note the snow correlations follow a 
different pattern than the frost for the average thermal 
conductivity at low frost or snow density. This means 
the compression of snow results in a different structural 
pattern than a frost growing without mechanical 

restraints. Yet, intuitively, at high densities the snow 
should take on an air bubble structure similar to frost. 

Thusat thefrostdensityof0.6gcm-3 thecurves bandc 
in Fig. 7 seem to be converging with curves f and g. 
When Figs. $6 and 7 are taken together one sees that a 
complicated, but an excellent model ofthe frost thermal 
conductivity has been constructed. 

5. CONCLUSIONS 

(1) It was found that of the several models of the frost 
thermal conductivity found in the literature, none was 
suitable for a general frost formation model as 
demonstrated by an order ofmagnitude analysis and by 
consideration of theoretical limitations. 

(2) Since it was desired to approach the proper 
thermal conductivities in the limit of ice or air density, a 
theoretical model of a random mixture of ice cylinders 
and ice spheres at low frost densities or of air bubbles 

and ice planes at high frost densities was postulated. 
(3) The so called water vapor conductivity was 

included with the air thermal conductivity as per 
Biguria and Wenzel’s [4] suggestion. But the eddy 

conductivity was not included for various reasons. The 
radiation and the forced-air-flow conductivities were 
shown to be negligible by an order of magnitude 
analysis. 

(4) In order to fit the data of Brian et al. [S] and 
Pitman and Zuckerman [lS] using the theoretical 
model offrost thermal conductivity thus developed, the 
structural parameter B, represented by the fraction of 
the frost layer in the form of ice spheres and ice planes 
was fitted mainly as a function of the frost porosity and 
partly as a function of the local frost temperature and of 
the wall temperature. The result is given by equations 
(26)-(28) and shown in Figs. 5 and 6. 

(5) An average frost thermal conductivity was 
computed by equation (29) concurrently with a frost 
formation model to compare with the large data set 
published in the literature. The structural parameter, 
B,, was modified slightly as in equation (30) to account 
for the effect of the initial saturation ratio R on the frost 
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FORMULE GENERALE DE LA CONDUCTIVITY TH~R~iQU~ DE L‘EAU GELEE 

R&sum&L.‘btude de la formation du gel a gagn& un renouveau d’int&& Fondamental pour le dCveloppement 
d’un modGle est I’etablissement de la conductivitt thermique du gel, ce yui est le sujet de cette etude. La 
conductivite thermique de la couche de gel joue un rcile important dans sa structure et dans la vitesse de 
formation. Desarticlespubliis concernent le probltmedu calcul numttrique de la conductivitt. On examine ici 
tes diff&rentes approches en analysant les hypothkses qui sent faites. On discute de tous les m&canismes de 
transfert possibles dans la couche de gel, pour dkterminer quels m~anismes son1 significatifs et quels autres 
peuvent G%re nigligt-s. A partir de c&a, les dif%rentes approches peuvent Ctre 6valu~es et les &ultats compares 
avec les do&es exptrimentales. Du pius les domaines de conditions environnementales valables pour les 
approches sont dtterminks. On montre qu’aucune de ces approches n’est suffisant pour un mod&e g&l&al du 
gel. Enfin on developpe une nouvelle mithode, plus comprthensive, de calcul de la conductivite thermique 

bask $ la fois sur la thCorie et les don&es expCrimentales. 
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EINE ALLGEMEINE BEZIEHUNG FUR DIE WARMELEITFAHIGKEIT VON REIF 

Zusammenfassung-In den vergangenen Jahren erlangten Untersuchungen zur Reifbildung neues Interesse. 
Entscheidend fur die Entwicklung des Reifbildungsmodells war die Herleitung der Wlrmeleitfahigkeit der 
Reifschicht,die der Gegenstand dieser Arbeit ist. Die Warmeleitfahigkeit einer Reifschicht spielt eine wichtige 
Rolle fur deren Struktur und Bildungsgeschwindigkeit. Eine Anzahl von Veriiffentlichungen behandelte die 
Problematik der Berechnung der Warmeleitfahigkeit des Reifs. In dieser Arbeit wurden die verschiedenen 
AnsHtze dieser Verijffentlichungen auf die ihnen zugrundegelegten Annahmen hin untersucht. Ein 
Gesamtverstlndnis dieser Annahmen beginnt mit einer Gegeniiberstellung aller moglichen Warme- 
transportprozesse innerhalb der Reifschicht, urn die signifikanten Vorgange von denen unterscheiden zu 
konnen, die mit Sicherheit vernachlassigbar sind. Von diesem Ausgangspunkt konnen die verschiedenen 
Ansltze der Veriiffentlichungen ausgewertet und deren Ergebnisse mit Versuchsdaten verglichen werden. 
Dariiber hinaus kann der Bereich der Umgebungsbedingungen bestimmt werden, fur welche eine bestimmter 
Ansatz realistisch ist, woraus dann die Giiltigkeitsgrenzen der verschiedenen Ansitze abgeleitet werden 
konnen. Es wird gezeigt, dal3 keiner der Ansltze ausreichend fiir ein allgemeines Reif bildungsmodell ist. Als 
ein Ergebnis wird eine neue umfassendere Methode zur Berechnung der Warmeleitfahigkeit des Reifs sowohl 

auf theoretischer als such experimenteller Grundlage entwickelt. 

06OBIIIEHHAJ-I 3ABMCMMOCTb )JJIq PACrIETA K03@@WIIREHTA 
TEIIJIOIIPOBO~HOCTB 06PA30BAHHOI-0 I43 BOAbI MHEIl 

Amtmauna- B nOcneilHwe ronb1 BHOBb npHBneKna K ce6e BHNMaHAe IwxenOBaHBK 06pa3oBaHWI 

HHell. CyWeCTBeHHbIM LWI pa3pa6oTKu MOLleJIA IIpOUeCCa OKa3aJICll BbIBOLl K03@+fUHeHTa Tennonpo- 

BOLWOCTB wIex STOMP Bonpocy H nocwI4eHa npennaraeMar pa6oTa. TennonpoBoaHocTb Cn01l 

AHel RrpaeT BamHyIO pOJIb LUIR OIIpeJleneHW4 er0 CTpyKTypbI H CKOpOCTH o6pasoBaHen. Pnn aBTOpOB 

paCCMaTpHBaJl npo6neMy paWeTa K03l$&WieHTa TenJlOnpOBOAHOCTki. B naHHOfi pa6oTe BbInOJIHeHa 

npOBepKa pa3JIHYHbIX MeTOAHK, KOTOpbIe npHMeH,IJIWb 3THMII aBTOpaMl4, nyTeM aHa,IU3a WCnOJIb30- 

BaHHbIX FiMH AOIIj’IWHlrii. PaCCMZtTp&WUOTCSI BCe B03MO)I(HbIe MeXaHB3MbI TeIIJIOnepeHOCa BHYTPH 

CJIOSI C WJIbFO BbIIlCHeHUIl BOIIpOCa, KLlKHe 83 IIpOUeCCOB IIBJIIIK3TCII BSLIHbIMH, a KaKBMW MO~HO 6e3 
ywep6a npeHe6peYb. Ha OCHOBaHWH 3TOrO MOmHO npOBeCTH OqeHKy pa3JIWIHbIX HCnO,Ib30BaHHbIX 

paHee MeTOLIHK li nOJIy'IeHHbIe pe3yJIbTaTbI CpaBHHTb C 3KCnepBMeHTaJIbHbIMH ,I,aHHbIMk,. Kpobfe 

TOrO, MOXHO OnpenenHTb lViana3OH BHelUHLiX BO3LIeiiCTBHfi, MlI KOTOpbIX CnpaBenJIHBa KalK&SI W3 

MeTonHK n Torna 0npenenaTb npacyuae NM orpawi9ewin. lloKa3afi0, STO HB onHa 113 HBX He 

npHronHa nnn pa3pa60TKn o606meHHoii Monenn 06pa30BaHua HHeR. B pe3ynbTaTe Ha OCHOBe 

aHaJlHTN'IeCKHX ki 3KCnepAMeHTaJIbHbIX iIaHHbIX 6bLn II&WJJlO~eH HOBbIii, 6onee KOppeKTHbIi?, MeTOn 
paweTa K03@@iwfeHTa TennonpoBonHocTsi wiex. 


